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GLOBALLY GENERATED VECTOR BUNDLES ON THE
SEGRE THREEFOLD WITH PICARD NUMBER TWO
E. BALLICO, S. HUH AND F. MALASPINA
Abstract. We classify globally generated vector bundles on P1 × P2
with small first Chern class, i.e. c1 = (a, b), a + b ≤ 3. Our main
method is to investigate the associated smooth curves to globally gen-
erated vector bundles via the Hartshorne-Serre construction.
1. Introduction
Globally generated vector bundles on projective varieties play an impor-
tant role in classical algebraic geometry. If they are nontrivial they must
have strictly positive first Chern class. The classification of globally gener-
ated vector bundles with low first Chern class has been done over several
rational varieties such as projective spaces [1, 13] and quadric hypersur-
faces [3]. There is also a recent work over complete intersection Calabi-Yau
threefolds by the authors [4].
There are three types of Segre varieties of dimension 3: P3, P1 × P2 and
P
1×P1×P1. In this paper we examine the similar problem of classification of
globally generated vector bundles for the Segre variety P1×P2, the product
of a projective line and a projective plane. Note that the classification is
already dealt in the case of P3 in [1, 13].
The Hartshorne-Serre correspondence states that the construction of vec-
tor bundles of rank r ≥ 2 on a smooth variety X with dimension 3 is closely
related with the structure of curves in X and it inspires the classification
of vector bundles on smooth projective threefolds. There have been several
works on the classification of arithmetically Cohen-Macaulay (ACM) bun-
dles on the Segre threefolds [8, 6, 7] and so it is sufficiently timely to classify
the globally generated vector bundles on the Segre threefolds.
Our main result is to classify globally generated vector bundles on P1×P2
with low first Chern class c1, up to trivial factor. When c1 = (1, 2) or
c1 = (2, 1), we have the following result (see Theorem 5.12 and Theorem
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4.8 for a more general form in which for some of the invariants (s; f1, f2; r)
there bundles are described, up to isomorphisms):
Theorem 1.1. Let E be a globally generated vector bundle of rank r at least
2 on X = P1 × P2 with the first Chern class c1 = (1, 2) or c1 = (2, 1) and
the second Chern class c2(E) = (f1, f2). If E has no trivial factor, then the
quadruple (s; f1, f2; r) is one of the following:
(s is the number of connected components of associated curve.) (1; 1, 1; 2), (1; 0, 2; 2),(1; 4, 4; 3 ≤ r ≤ 11), (1; 3, 3; 3 ≤ r ≤ 7), (1; 2, 3; 3 ≤ r ≤ 8),
(1; c, 2; 3 ≤ r ≤ c+ 2) with c ∈ {1, 2, 3, 4}
when c1 = (1, 2); and{
(s; 0, s; r) with 1 ≤ s ≤ 3 and 2 ≤ r ≤ s+ 1,
(1; 1, b; r) with 1 ≤ b ≤ 4, r = 2 if b = 1, and 3 ≤ r ≤ 2b if b ≥ 2
when c1 = (2, 1).
Note that we have c2(E) = (f1, f2) = (e2, e1) where (e1, e2) is the bidegree
of a curve associated to E via the Hartshorne-Serre correspondence (see
Definition 3.4). For cases c1 ∈ {(1, 1), (a, 0), (0, b) | a, b ∈ N} we also obtain
similar classification of possible quadruples (s; f1, f2; r) in Proposition 3.7,
Proposition 3.8 and Corollary 2.8. These results give us a complete answer
for the classification of globally generated vector bundles with the first Chern
class c1 with (0, 0) ≤ c1 < (2, 2). We also completely describe the globally
generated vector bundles with respect to quadruple (s; f1, f2; r) in most
cases. In the rank 2 case the list is so short that we may put it in the
introduction.
Theorem 1.2. Let E be a globally generated vector bundle of rank 2 on
X = P1 × P2 with no trivial factor and the first Chern class c1 such that
(0, 0) ≤ c1 < (2, 2). Then E is isomorphic to either
(1) a direct sum of two line bundles, or
(2) a Ulrich bundle arising from a non-trivial extension
0 −→ OX(0, 1) −→ E −→ OX(2, 0) −→ 0,
(3) a twist of π∗2(TP
2(−1)).
So in the rank 2 case we found no unexpected bundle, finitely many iso-
morphism classes of bundles and these isomorphic classes are distinguished
by their c1 and c2. The situation is quite different in rank higher than 2, al-
though sometimes an expected bundle of high rank gives a full classification
for lower ranks (see Proposition 5.11).
Let us here summarize the structure of this paper. In Section 2, we intro-
duce the definitions and main properties that will be used throughout the
paper, mainly the Hartshorne-Serre correspondence that relates the glob-
ally generated vector bundles with smooth curves contained in the Segre
threefolds. In Section 3 we collect several general results when one factor of
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bidegree of associated curve is 1, and deal with the case of c1 = (1, 1). In
Section 4 and 5 we keep classifying the globally generated vector bundles
with c1 = (2, 1) and c1 = (1, 2) respectively.
2. Preliminaries
In this section we introduce the definitions and main properties of Segre
varieties as well as the Hartshorne-Serre construction.
Definition 2.1. For n1, . . . , ns ∈ N, let us define the Segre variety X =
Σn1,...,ns to be the product P
n1 × · · · × Pns of s projective spaces.
Letting πi : P
n1×· · ·×Pns −→ Pni be the projection to the i-th factor, we
denote π∗1OPn1 (a1)⊗· · · ⊗π
∗
sOPns (as) by OX(a1, . . . , as). For our simplicity
let us denote OX(a, . . . , a) by OX(a), if there is no confusion. For a coherent
sheaf E on X, we denote E ⊗ OX(a1, . . . , as) by E(a1, . . . , as) and the dual
sheaf of it by E∨.
The intersection ring A(X) is isomorphic to A(Pn1)⊗· · ·⊗A(Pns) and so
we have
(1) A(X) ∼= Z[t1, . . . , ts]/(t
n1+1
1 , . . . , t
ns+1
s ).
ThenX is embedded into PN with N =
∏s
i=1(ni+1)−1 by the complete lin-
ear system |OX(1)|. Note that A
1(X) ∼= Z⊕s by a1t1+· · · asts 7→ (a1, . . . , as).
Let E be a globally generated vector bundle of rank r on X with the first
Chern class c1(E) = (a1, . . . , as). Then it fits into the exact sequence
(2) 0 −→ O
⊕(r−1)
X −→ E −→ IC(a1, . . . , as) −→ 0,
where C is a locally complete intersection of codimension 2 on X by [11, Sec-
tion 2. G]. If C is empty, then E is isomorphic to O
⊕(r−1)
X ⊕OX(a1, . . . , as).
In this article we will mainly work on X = P1 × P2 and so the locally
complete intersection C would be a curve in X.
Proposition 2.2. [12] If E is a globally generated vector bundle of rank r
on X with the first Chern class c1 such that H
0(E(−c1)) 6= 0, then we have
E ≃ O
⊕(r−1)
X ⊕OX(c1).
In particular, in the classification of globally generated vector bundles on
X, we may assume that C is not empty and H0(E(−c1)) = 0.
Let πˆi : X −→ P
n1 × · · · P̂ni × · · · × Pns denote the natural projection.
Proposition 2.3. Let c1 = (a1, . . . , as) ∈ Z
⊕s
≥0 with as = 0. Then there is
a bijection given by E 7→ πˆ∗s(E) between the set of spanned vector bundles E
of rank r on Pn1 × · · · × Pns−1 with c1(E) = (a1, . . . , , as−1) and the spanned
vector bundles of rank r on X with the first Chern class c1. Moreover we
have
(1) hi(Pn1 × · · · × Pns−1 , E) = hi(X,π∗s(E)) for all i ≥ 0;
(2) for any spanned bundle G on X with c1(G) = 0, we have G ∼=
πˆ∗s(πˆs∗(G)) with πˆs∗(G) a spanned bundle on P
n1 × · · · × Pns−1.
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Proof. The last statement follows from the projection formula and the Leray
spectral sequence of πˆs, because πˆs∗(OX) ∼= OPn1×···×Pns−1 andR
iπs∗(OX) =
0 for all i ≥ 0. Fix a spanned vector bundle G of rank r on X with c1(G) = 0
and let ϕ : X −→ G(r,m) be the associated morphism to a Grassmannian
with m = h0(G). To prove the first assertion it is sufficient to prove that ϕ
is constant on every fiber of πˆs. Let L ∼= P
ns be any fiber of πˆs and then the
vector bundle G|L is spanned with trivial determinant. Therefore G|L
∼= O⊕rL
and so ϕ(L) is a point. Since G ∼= πˆs∗(E) for some E on P
n1 × · · · × Pns−1 ,
the projection formula gives E ∼= πˆs∗(G). 
Let us say that a line bundle R on X has property ⋄ if the following
conditions are satisfied:
(1) R is globally generated;
(2) R 6= OX ;
(3) If A is a globally generated line bundle with H0(R⊗A∨) 6= 0, then
we have either A ∼= OX or A ∼= R.
When we have dim(X) = 3, the Hartshorne-Serre correspondence can be
stated as follows:
Theorem 2.4. [2, Theorem 1] Let R be a line bundle on X with ⋄.
(i) There is a bijection between the set of pairs (E , j), where E is a
spanned vector bundle of rank 2 on X with det(E) ∼= R and j :
K −→ H0(E) is non-zero map, up to linear automorphisms of K,
and the smooth curves C ⊂ X with IC ⊗R spanned and ωC ∼= R|C ,
except that C = ∅ corresponds to OX ⊕R with a section s nowhere
vanishing.
(ii) Fix an integer r ≥ 3. There is a bijection between the set of triples
(E , V, j), where E is a spanned vector bundle of rank r on X with
det(E) ∼= R, V is an (r − 1)-dimensional vector space and j : V −→
H0(E) is a linear map, up to a linear automorphism of V , with
dependency locus of codimension 2, and the smooth curves C ⊂ X
with IC⊗R spanned and ωC⊗OX ⊗R
∨ spanned, except that C = ∅
corresponds to O
⊕(r−1)
X ⊕R with V = H
0(O
⊕(r−1)
X ). E has no trivial
factors if and only if j is injective.
(iii) There is a bijection between the set of all pairs (F , s), where F is
a spanned reflexive sheaf of rank 2 on X with det(E) ∼= R and 0 6=
s ∈ H0(E), and reduced curves C ⊂ X with IC ⊗ R spanned and
ωC ⊗ R
∨ spanned outside finitely many points, except that C = ∅
corresponds to OX ⊕R with s nowhere vanishing.
Example 2.5. On a smooth and connected projective threefold X, let us
fix a globally generated line bundle L with h0(L) ≥ 2 and set r := h0(L)−1.
Since L is globally generated, so the evaluation map ψ : H0(L)⊗OX −→ L is
surjective and ker(ψ) is a vector bundle of rank r on X. The vector bundle
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F := ker(ψ)∨ fits in an exact sequence
(3) 0 −→ L∨ −→ O
⊕(r+1)
X −→ F −→ 0
and it determines the Chern classes of F . If h1(L∨) = 0, e.g. L is ample,
then the sequence (3) gives h0(F) = r + 1. If Y ⊂ X is the complete
intersection of two elements of |L|, then we get Y as the dependency locus
of a certain (r − 1)-dimensional linear subspace of H0(F).
Remark 2.6. Assume that C is a curve with ωC ∼= OC(c1 − c1(X)). If C
has s connected components, then we have h0(ωC(c1(X) − c1)) = s and so
the Hartshorne-Serre correspondence shows that C gives a vector bundle E
with c1(E) = c1 of rank r with no trivial factor if and only if 2 ≤ r ≤ s+ 1.
Remark 2.7. On a smooth threefold X, let us fix a very ample line bundle
L and a smooth curve C ⊂ X. Assume that IC ⊗ L is globally generated
and take two general divisors M1,M2 ∈ |IC ⊗ L|. Set Y := M1 ∩M2. By
the Bertini theorem we have Y = C ∪D with either D = ∅ or D a reduced
curve containing no component of C and smooth outside C ∩D.
From now on let us fixX to be the Segre threefold P1×P2, the product of a
projective line and a projective plane. Let V1 and V2 be 2 and 3-dimensional
vector spaces with the coordinates [x0, x1] and [y0, y1, y2], respectively. Let
X ∼= P(V1) × P(V2) and then it is embedded into P
5 ∼= P(V ) by the Segre
map where V = V1 ⊗ V2.
The intersection ring A(X) is isomorphic to A(P1)⊗A(P2) and so we have
A(X) ∼= Z[t1, t2]/(t
2
1, t
3
2).
We may identify A1(X) ∼= Z⊕2 by a1t1 + a2t2 7→ (a1, a2). Similarly we have
A2(X) ∼= Z⊕2 by b1t1t2+ b2t
2
2 7→ (b1, b2) and A
3(X) ∼= Z by ct1t
2
2 7→ c. Then
X is embedded into P5 as a subvariety of degree 3 by the complete linear
system |OX(1, 1)|, because (t1 + t2)
3 = 3t1t
2
2.
If E is a coherent sheaf of rank r on X with the Chern classes c1 = (a1, a2),
c2 = (b1, b2) and c3 we have:
c1(E(s1, s2)) = (a1 + rs1, a2 + rs2)
c2(E(s1, s2)) = c2 + c1(s1, s2) + (s1, s2)
2
χ(E) = r +
1
2
[
2a1 + (a1 + 1)a2(a2 + 3)
− (a1 + 2, a2 + 3)(b1, b2) + c3
]
for (b1, b2) ∈ Z
⊕2.
Now Proposition 2.3 implies the following when X = P1 × P2.
Corollary 2.8. We have the following one-to-one correspondences:
(1) There is a bijection F 7→ π∗1(F) between the spanned vector bundles
of rank r on P1 with degree a and the spanned vector bundles of rank
r on X with c1 = (a, 0).
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(2) There is a bijection F 7→ π∗2(F) between the spanned vector bundles
of rank r on P2 with c1 = b and the spanned vector bundles of rank
r on X with c1 = (0, b).
In particular we have a full classification of globally generated vector
bundles on X with c1 = (1, 0) or (0, b) with b ≤ 2, since we have a full list of
globally generated vector bundles on P2 with c1 ≤ 2 in [13]. Thus we may
assume c1 = (a, b) with a, b > 0. We will mainly work on all the cases with
a+ b ≤ 3.
3. Warm-up and case of c1 = (1, 1)
Let E be a globally generated vector bundle of rank r ≥ 2 on X with
the first Chern class c1 = (a1, a2), a1 ≥ a2 > 0. Then it fits into the exact
sequence
(4) 0 −→ O
⊕(r−1)
X −→ E −→ IC(c1) −→ 0
for a general r − 1 sections of E , where C is a smooth curve. Write C =
C1 ⊔ · · · ⊔ Cs with each Ci connected.
If the rank is r = 2, we have E∨ ∼= E(−c1) and ωC ∼= OC(c1 − (2, 3)). In
this case we have h1(E∨) = h1(IC) since h
1(OX(−c1)) = 0 by the Ku¨nneth
formula. Since s is the number of the connected components of C, we have
h1(E∨) = s − 1. If r ≥ 3, then we have c3(E) = deg(ωC((2, 3) − c1)) and
ωC((2, 3) − c1) is spanned.
Remark 3.1. The intersection theory on X is given by two variables t1, t2
with the relations t21 = 0, t
3
2 = 0 and t1t
2 = 1. Thus we have
(at1 + bt2)(at1 + bt2)(t1 + t2) = (2abt1t2 + b
2t22)(t1 + t2) = 2ab+ b
2.
Remark 3.2. Let Y ⊂ X be the complete intersection of two divisors of
type |OX(a, b)| containing C. By Remark 3.1 we have deg(Y ) = 2ab + b
2,
where deg(Y ) is the degree of Y as a curve in P5. By the Bertini theorem
Y is a curve containing C and smooth outside C. Note that C occurs with
multiplicity one in Y , because IC(a, b) is spanned and so, affixing Pi ∈ Ci,
1 ≤ i ≤ s, we may find a divisor T ∈ |IC(a, b)| not containing the tangent
line of Ci at Pi. A Koszul complex standard exact sequence gives h
0(OY ) = 1
and so Y is connected. The adjunction formula gives ωY ∼= OY (2a−2, 2b−3)
and so we have
2pa(Y )− 2 = (at1 + bt2)(at1 + bt2)((2a − 2)t1 + (2b− 3)t2)
= (−3 + 2b)2ab+ b2(−2 + 2a)
= 2b(3ab − 3a− b).
Example 3.3. Let Y ⊂ X be any complete intersection of two elements
of |OX(a, b)| with (a, b) ∈ N
2 \ {(0, 0)}. We have ωY ∼= OY (2a − 2, 2b − 3)
and hence ωY (2 − a, 3 − b) ∼= OY (a, b). Therefore Y is not the zero-locus
of a section of a bundle of rank 2. Note that h0(ωY (2 − a, 3 − 2b)) =
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(a+1)
(
b+2
2
)
−2. As in Example 2.5 we see that Y gives a globally generated
bundle with c1 = (a, b) and Y is a dependency locus for a bundle of rank r
if and only if 3 ≤ r ≤ (a + 1)
(
b+2
2
)
− 1. If r = (a + 1)
(
b+2
2
)
− 1, there is a
unique bundle E associated to some complete intersection curve. Since E is
unique, we have g∗(E) ∼= E for each g ∈ Aut(X) = Aut(P1) × Aut(P2), i.e.
E is homogeneous.
Let T be an integral projective curve. By the universal property of the
projective spaces, there is a bijection between the set of morphisms u : T −→
X and the set of pairs (u1, u2) of morphisms u1 : T −→ P
1 and u2 : T −→ P
2.
If u is an embedding, then we have
deg(Ou(T )(a, b)) = adeg(u1) + bdeg(u2) deg(u2(T ))
with the convention that deg(u2) = deg(u2(T )) = 0 if u2(T ) is a point.
Now assume that u2(T ) is a curve and T is smooth. Let u
′′ : J −→ u2(T )
denote the normalization map and then there is a unique morphism u′ :
T −→ J such that u2 = u
′ ◦ u′′. We have deg(u2) = deg(u
′).
Now take as T a connected component Ci of C. Write
e[i]1 := deg(u1) and e[i]2 = deg(u2) deg(u2(Ci)).
If e[i]2 6= 0, set e
′
2 := deg(u
′) and e′′2 := deg(u2(T )). If e[i]2 = 0, set
e′2 = e
′′
2 = 0.
Definition 3.4. For a curve C ⊂ X, the bidegree of C is defined to be the
pair of integers (e1, e2) with
(e1, e2) :=
(
s∑
i=1
e[i]1,
s∑
i=1
e[i]2
)
.
Indeed, we have e1 = deg(OC(1, 0)) and e2 = deg(OC(0, 1)).
Lemma 3.5. Assume c1 = (a, 1) with a ≥ 0.
(i) We have e[i]1 ∈ {0, 1} for each i ∈ {1, . . . , s}.
(ii) If e[i]1 = 0, then e[i]2 = 1 and there are Pi ∈ P
1 and a line Li ⊂ P
2
such that Ci = {Pi} × Li.
(iii) If e[i]1 = 1 for some i, then s = 1 and C is rational.
Proof. If e[i]1 = 0, then there are Pi ∈ P
1 and Li ∈ |OP2(e[i]2)| such that
Ci = {Pi} × Li. Since IC(a, 1) is globally generated, we get e[i]2 = 1.
Assume e[i]1 6= 0 and then π1(Ci) = P
1. For a fixed point P ∈ P1, the
degree of OX(a, 1)|{P}×P2 is 1. Since IC(a, 1) is globally generated, so we get
deg(C ∩ π−11 (P )) = 1, i.e. e[i]1 = 1. We also see that π1|Ci : Ci −→ P
1 has
degree 1 and so Ci is rational. If e1 6= 0, we get deg(π1|C) = 1 and so there
is a unique index i with e[i]1 = 1. Assume s ≥ 2 and fix j ∈ {1, . . . , s} \ {i}.
Since e[j]1 = 0, there is Pj ∈ P
1 and a line Lj ⊂ P
2 with Cj = {Pj} × Lj.
Set {Pj , O} := Ci ∩ {Pj} × P
2. Since Ci ∩ Cj = ∅, we have O /∈ Lj and so
{Pj} × P
2 is in the base locus of IC(1, 1). 
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Lemma 3.6. Assume c1 = (1, b) with b ≥ 0.
(i) π2|C : C −→ P
2 is an embedding.
(ii) e1 > 0 and C is isomorphic to a smooth plane curve of degree e2.
Proof. Let us fix a point P ∈ P2 and set T := P1 × {P}. Since OT (1, 3 −
b) ∼= OT (1, 0) has degree 1, so ωT (1, 3 − b) has negative degree and in
particular it is not spanned. Thus T is not a connected component of C.
Since IC(1, b) is globally generated, we get deg(T ∩ C) ≤ 1 for all P ∈ P
2
and so π2|C : C −→ P
2 is an embedding. Since each plane curve is connected,
we get s = 1. Since π2|C is an embedding, we also get that C is isomorphic
to a smooth plane curve of degree e2. 
Proposition 3.7. Let E be a globally generated vector bundle of rank 2 with
c1(E) = (1, 1) and no trivial factor. Then we have E ∼= OX(1, 0)⊕OX (0, 1).
Proof. The zero-locus of a general section of OX(1, 0)⊕OX (0, 1) has bidegree
(0, 1), because c2(OX(1, 0) ⊕ OX(0, 1)) = t1t2. Since IC(1, 1) is spanned,
so C is contained in the complete intersection Y of two hypersurfaces in
|IC(1, 1)|. Note that we have deg(Y ) = 3 and ωY ∼= OY (0,−1); we have
2pa(Y )− 2 = (t1 + t2)(t1 + t2)(−t2) = −2 and so pa(Y ) = 0. Thus we have
deg(C) ≤ 3 with the equality if and only if C = Y is a linear section of
codimension 2.
The case of deg(C) = 3 is not possible since ωC ∼= OC(−1,−2). Now
assume deg(C) ≤ 2. Since c2(OX(1, 0) ⊕OX(0, 1)) = t1t2, the curves asso-
ciated to OX(1, 0) ⊕OX(0, 1) have bidegree (0, 1). Since ωC ∼= OC(−1,−2)
and OX(1, 2) is ample, each Ci is rational and e[i]1 + 2e[i]2 = − deg(ωCi) =
2. Thus each connected component Ci of C is a curve of bidegree (0, 1).
Lemma 3.6 gives s = 1. Since h0(OC(0, 1)) = 2 < h
0(OX(0, 1)), we
have h0(IC(0, 1)) > 0 and so any associated bundle E has a non-zero map
f : OX(1, 0) −→ E because of h
1(OX(−1, 0)) = 0. Since h
0(IC(−1, 1)) =
h0(IC(0, 0)) = 0, so coker(f) is torsion-free, i.e. coker(f) ∼= IT (0, 1) with
either T = ∅ or T a locally complete intersection curve. Since c2(OX(1, 0)⊕
OX(0, 1)) = t1t2 and C has bidegree (0, 1), so we have T = ∅. It implies
E ∼= OX(1, 0) ⊕OX(0, 1), since h
1(OX(1,−1)) = 0. 
Proposition 3.8. Let E be a globally generated vector bundle of rank r ≥ 3
on X with c1 = (1, 1) and no trivial factor. Then we have r ∈ {3, 4, 5} and
E is one of the following:
(i) 0 −→ OX(−1,−1) −→ O
⊕(r+1)
X −→ E −→ 0 with r ∈ {3, 4, 5},
the associated curve is the complete intersection Y of two hypersur-
faces in |OX(1, 1)|;
(ii) E ∼= OX(1, 0) ⊕ π
∗
2(TP
2(−1)).
Proof. If the associated curve is the complete intersection Y of two hyper-
surfaces in |OX(1, 1)| we are in the case (i) by Example 3.3 and so we may
assume that the associated curve C is not a complete intersection.
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Since in the case r = 2 no bundle has a section with s > 1 by Proposition
3.7, we only need to check the smooth curves C with IC(1, 1) globally gen-
erated and with ωC(1, 1) globally generated, but not trivial. It only remains
to check the cases with s = 1 and deg(C) = 2. C cannot have bidegree
(2, 0), because it is irreducible.
Now take a conic with bidegree (0, 2). There are P ∈ P1 and C ′ ∈ |OP2(2)|
with C = {P} × C ′. Then {P} × P2 is in the base locus of IC(1, 1).
Hence the only bundles not associated to the complete intersection curve
may come from a connected C with bidegree (1, 1). For any such a curve C
we have deg(ωC(1, 2)) = 1 and h
0(ωC(1, 2)) = 2. Thus it gives a bundle if
and only if r = 3. Any connected curve C with bidegree (1, 1) is associated
to a pair (u1, u2) with u1 : P
1 −→ P1 an isomorphism and u2 : P
1 −→ P2
an embedding as a line. Hence for any two such curves C and C ′, there is
f ∈ Aut(X) with f∗(C) = C ′. The bundle E0 := OX(1, 0) ⊕ π
∗
2(TP
2(−1))
has the Chern polynomial (1+ t1)(1+ t2+ t
2
2) = 1+ t1+ t2+ t1t2+ t
2
2+ t1t
2
2
and so it is associated to a connected curve with bidegree (1, 1). For any
f ∈ Aut(X) we have f∗E0 ∼= E0 and so E0 is the only bundle associated to a
curve of bidegree (1, 1). 
Remark 3.9. If r = 5 and C = Y , then we have E ∼= TP5(−1)|X , be-
cause Remark 2.5 gives the uniqueness of such a bundle. We denote by
Sr the family of bundles obtained from (i). We may compute dim(Sr) =
h0(O
⊕(r+1)
X (1, 1)) − (r + 1)
2 and so we get
dim(S5) = 0 , dim(S4) = 5 , dim(S3) = 8.
In fact S4 is given by the pull-backs of TP
4(−1) by a projection from a point
of P5 \X and S3 is given by the pull-backs of TP
3(−1) by a projection from
a line of P5 not meeting X.
4. Case of c1 = (2, 1)
Let Y be any complete intersection of two hypersurfaces in |OX(2, 1)|.
Since (2t1 + t2)(2t1 + t2)t1 = 1 and (2t1 + t2)(2t1 + t2)t2 = 4, we have
deg(OY (1, 0)) = 1 and deg(OY (0, 1)) = 4. In particular the connected curve
Y ⊂ P5 has degree 5. We have ωY ∼= OY (2,−1). Since (2t1 + t2)(2t1 +
t2)(2t1 − t2) = −2, we have pa(Y ) = 0. It implies that the sectional genus
of OX(2, 1) is zero. Notice ωY 6∼= OY (0,−2), because deg(OY (0,−2)) = −4.
Example 3.3 shows that Y gives a globally generated vector bundle of rank
r if and only if 3 ≤ r ≤ 8.
Lemma 4.1. Assume that IC(2, 1) is globally generated. Then one of the
following cases occurs:
(i) (s; e1, e2) = (1; 1, b) with 1 ≤ b ≤ 4.
(ii) (s; e1, e2) = (s; 0, s) with 1 ≤ s ≤ 3.
In particular there are s distinct points Pi ∈ P
1 and lines Li ⊂ P
2
such that Ci = {Pi} × Li for each i; in this case ωC ∼= OC(0,−2).
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Proof. Since Y has bidegree (1, 4), we have e1 ≤ 1 and e2 ≤ 4. If e1 > 0, we
have s = 1 and 1 ≤ e2 ≤ 4 by Lemma 3.5.
Now assume e1 = 0. By Lemma 3.5 we have s = e2 and there are Pi ∈ P
1
and a line Li ⊂ P
2 such that Ci = {Pi} × Li. If (e1, e2) = (0, 4), then
Y = C ∪D with D a line of type (1, 0) since Y has bidegree (1, 4). Since
h0(OY ) = 1 (see Remark 3.2), we get deg(D ∩C) ≥ 4. Therefore IC(2, 1) is
not globally generated. 
Remark 4.2. We do not claim that each C listed in Lemma 4.1 has IC(2, 1)
globally generated. The case (e1, e2) = (1, 4) corresponds to the complete
intersection curve Y . We check in Example 4.7 that the case e2 ∈ {2, 3} is
realized. Since in both cases C is connected with arithmetic genus zero, we
have h0(ωC(0, 2)) = 2e2 − 1 and ωC(0, 2) is spanned (and trivial if e2 = 1).
Hence the existence part for the case (s; e1, e2) = (1; 1, 1) gives globally
generated bundles with s = 1 and bidegree (1, 1) if and only if r = 2, while
the existence part for (s; e1, e2) = (1; 1, b) with 2 ≤ b ≤ 4, gives bundles if
and only if 3 ≤ r ≤ 2b.
Lemma 4.3. Consider a curve C with (s; e1, e2) = (2; 0, 2). Then the asso-
ciated bundle of rank r with no trivial factor is one of the following:
(i) an extension of OX(2, 0) by OX(0, 1) if r = 2; either OX(2, 0) ⊕
OX(0, 1) or one of the bundles in the 2-dimensional family of Ulrich
bundles in [8, Theorem 4.1];
(ii) OX(0, 1) ⊕OX(1, 0)
⊕2 if r = 3.
In particular such a curve C does not give bundles of rank higher than 3
without trivial factors.
Proof. Each connected component of C is a line of bidegree (0, 1). Since
ωC ∼= OC(0,−2) and s = 2, the associated bundles have rank r ∈ {2, 3} by
Remark 2.6. In all cases we have c3(E) = 0.
(a) First assume r = 2. Since (s; e1, e2) = (2; 0, 2), so there are P1, P2 ∈
P
1 and lines L1, L2 ⊂ P
2 such that C = {P1}×L1∪{P2}×L2. In particular,
we have h0(IC(2, 0)) > 0 and so there is a non-zero map f : OX(0, 1) −→
E . Since L1 ∩ L2 6= ∅, we have P1 6= P2 and so h
0(IC(1, 0)) = 0. Since
h0(IC(2,−1)) = 0, so coker(f) is torsion-free, i.e. coker(f) = IT (2, 0) with
either T = ∅ or T a locally complete intersection curve. Since c1(OX(2, 0)) ·
c1(OX(0, 1)) = 2t1t2 and C has bidegree (0, 2), we have T = ∅. Since
h1(OX (−2, 1)) = 3, we get non-trivial extensions of OX(2, 0) by OX(0, 1).
Since the two line bundles are both Ulrich, any extension of them is again
Ulrich (see [8, Theorem 4.1]).
(b) Assume r = 3. Let F be the cokernel of a general map u : OX −→ E
and v : E −→ F denote the quotient map. Since c3(E) = 0, so F is locally
free and it is as described in (i). In particular OX(0, 1) is a subbundle of
F with OX(2, 0) as its cokernel. Set G := v
−1(OX(0, 1)). Since G is an
extension of OX(0, 1) by OX , we have G ∼= OX ⊕ OX(0, 1). Therefore E
is an extension of OX(2, 0) by OX ⊕ OX(0, 1). In particular OX(0, 1) is a
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subbundle of E . Set H := E/OX (0, 1). H is a globally generated bundle
of rank 2 on X with c1(H) = (2, 0). Since E has no trivial factor and H
is a quotient of E , so H has no trivial factor. By Proposition 2.3 we have
H ∼= OX(1, 0)
⊕2. Hence E ∼= OX(0, 1) ⊕OX(1, 0)
⊕2. 
Lemma 4.4. For a curve C with (s; e1, e2) = (1; 0, 1), the associated globally
generated bundle with no trivial factor is OX(1, 1)⊕OX(1, 0). In particular
it has rank 2.
Proof. Since s = 1, we only get a bundle of rank 2. We have c1(OX(1, 1)) ·
c1(OX(1, 0)) = (t1+t2)t1 = t1t2 and so any curve associated to c1(OX(1, 1))·
c1(OX(1, 0)) has bidegree (0, 1). Now assume that C has bidegree (0, 1) and
then s = 1. Let E be any associated bundle with no trivial factor. Lemma 4.3
gives that E has rank 2 and that there are P ∈ P1 and a line L ⊂ P2 such that
C = {P}×L. Since h0(IC(1, 0)) = 1 and h
0(IC(−1, 1)) = h
0(IC(0, 0)) = 0,
there is a non-zero map f : OX(1, 1) −→ E with coker(f) torsion free, i.e.
coker(f) ∼= IT (1, 0) with either T = ∅ or T a locally complete intersection
curve. Since c1(OX(1, 1)) · c1(OX (1, 0)) = (t1 + t2)t1 = t1t2, we get T = ∅
and so E ∼= OX(1, 1) ⊕OX(1, 0). 
Lemma 4.5. We have a curve C with (s; e1, e2) = (1; 1, 1) if and only if
the associated globally generated bundle with no trivial factor is isomorphic
to π∗2(TP
2(−1))(1, 0).
Proof. Note that the bundle F := π∗2(TP
2(−1))(1, 0) is globally generated,
c1(F(1, 0)) = (2, 1) and h
0(F(−1, 0)) = 3. Since h1(OX(−1, 0)) = 0, the
associated smooth curve C ′ satisfies h0(IC′(1, 1)) = 3. Thus C
′ ⊂ P5 spans
a plane and so it is connected, but not a line. Since C ′ is smooth, connected
and rational, so we get that C ′ has (s; e1, e2) = (1; 1, 1).
Now take any smooth C with (s; e1, e2) = (1; 1, 1) and let E be the as-
sociated bundle. ωC ∼= OC(0,−2) implies that E has rank 2. Since C is a
smooth conic, we have h0(IC(1, 1)) = 3 and so h
0(E(−1, 0)) = 3, because
of h1(OX(−1, 0)) = 0. Since c1(E(−1, 0)) = 0, to prove the lemma it is
sufficient to prove that E(0,−1) is globally generated.
Let us fix a non-zero map f : OX −→ E(−1, 0). Since h
0(IC(0, 1)) =
h0(IC(1, 0)) = 0, so f has torsion-free cokernel, i.e. coker(f) ∼= IT (0, 1) with
either T = ∅ or T a locally complete intersection curve. Since h0(E(−1, 0)) =
3, we get that T is a line of bidegree (0, 1) and so IT (0, 1) is globally gen-
erated. h1(OX) = 0 implies that E(−1, 0) is globally generated and so
E(−1, 0) ∼= π∗2(TP
2(−1))(1, 0) by Proposition 2.8. 
Lemma 4.6. For a curve C with (s; e1, e2) = (1; 1, 2), its associated globally
generated bundle with no trivial factor is one of the following:
(i) OX(2, 0) ⊕ π
∗
2(TP
2(−1)) ; r = 3,
(ii) OX(1, 0) ⊕OX(1, 0) ⊕ π
∗
2(TP
2(−1)) ; r = 4.
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Proof. Note that
(1 + t1)(1 + t1)(1 + t2 + t
2
2) = (1 + 2t1)(1 + t2 + t
2
2)
= 1 + (2t1 + t2) + (2t1t2 + t
2
2) + t1t
2
2.
Thus both bundles in the assertion are associated to a curve with bidegree
(1, 1). By part (iii) of Lemma 3.5, we have s = 1 in both cases. We have
C ∼= P1, deg(ωC(0, 2)) = 2, h
0(ωC(0, 2)) = 3 and hence C is associated to a
bundle of rank r if and only 3 ≤ r ≤ 4. C is associated to (u1, u2), where
u1 : P
1 −→ P1 is an isomorphism and either u2 : P
1 −→ P2 is an embedding
as a smooth conic or deg(u2) = 2 and u2(P
1) is a line.
Assume that the latter case occurs and call L := u2(P
1) ⊂ P2 the associ-
ated line. Let G be the rank 2 reflexive sheaf fitting in an exact sequence
0 −→ OX −→ G −→ IC(1, 2) −→ 0.
We have c3(G) = deg(ωC(0, 2)) = 2. Since C ⊂ P
1×L, we have h0(IC(1, 1)) =
2. Since h1(OX(0,−1)) = 0, we get h
0(G(0,−1)) = 2. Since h0(IC(0, 1)) =
h0(IC(0, 1)) = 0, a non-zero section of G(0,−1) induces an exact sequence
0 −→ OX −→ G(0,−1) −→ IT (1, 0) −→ 0
with T a locally Cohen-Macaulay curve and h0(IT (1, 0)) = 1. We get that T
is a line of bidegree (0, 1) and hence c3(G) = c3(G(0,−1)) = deg(ωT (0, 2)) =
0, a contradiction. Hence u2 is always an embedding.
For any two C and C ′ as above, there is f ∈ Aut(X) such that f∗(C) ∼= C ′.
Since both bundles in the assertion are invariant after taking pull-back f∗,
we get the lemma. 
Any irreducible element of |OX(2, 1)| is an irreducible surface of degree
4 spanning P5, i.e. it is a minimal degree surface in P5. Inspired by the
classification of minimal degree surfaces we make the following construction
which proves the existence part for s = 1 and the bidegrees (1, b), 1 ≤ b ≤ 3.
Example 4.7. Set F0 := P
1 × P1 and take h ∈ |OP1×P1(1, 0)| and f ∈
|OP1×P1(0, 1)|. Let W ⊂ P
5 be the image of F0 by the very ample linear
system |h + 2f |. Therefore f ∈ |OW(1, 0)|, |h + f | = |OW(0, 1)| and |h| =
|OW(−1, 1)|. Each element of |h| is a conic of P
5, while each element of
|f | is a line of P5. Take D ∈ |ah + bf | with a ≥ 0 and b ≥ 0. The line
bundle OW(h + 3f)(−D) is globally generated if and only if 0 ≤ a ≤ 1 and
0 ≤ b ≤ 3. D is a connected smooth rational curve if and only if either a = 1
or b = 1.
Now we prove that W is contained in X (it would then be an element
of |OX(2, 1)|, because deg(W) = 4 and |h + 3f | and |3h + f | are the only
complete linear systems on W associated to an ample line bundle L with
h0(L) = 8). We need to find two morphisms f1 : W −→ P
1 and f2 : W −→ P
2
such that (f1, f2) is an embedding. We saw that we need to take f1 associated
to the complete linear system |f | and f2 associated to a linear subspace of
codimension 1 in the complete linear system |h+f |. Let V ⊂ H0(OW(h+f))
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be a general hyperplane. Since dim(V ) = dim(W)+1, it induces a morphism
f2 : W −→ P
2 with deg(f2) = 2. The morphism ϕ = (f1, f2) has the image
contained in X. We only need to check that for a general V the morphism ϕ
is an embedding. We first check that deg(ϕ) = 1. Indeed, since deg(f2) = 2,
it would be sufficient to observe that for general V some points P1, P2 ∈W
with f2(P1) = f2(P2), {P1, P2} is not contained in a ruling of F0. The
complete linear system |h + f | induces an embedding of W into a smooth
quadric surface in some P3 and we may take as V the hyperplane associated
to the linear projection from a general point of P3. Since deg(ϕ) = 1,
ϕ(W) is a non-degenerate surface of degree 4 embedded in X. Now we use
the classification of minimal degree non-degenerate integral surfaces of P5.
Since f2 is a finite morphism, ϕ is finite. We know that ϕ(W) spans P
5
from deg(X) = 3. Since ϕ(W) has not Z as its Picard group, ϕ(W) is not
the Veronese surface. Since ϕ(W) ⊂ X, either ϕ(W) ∼= W or F2 (the other
minimal degree smooth surface of P5) or the cone over the rational normal
curve of P5, up to a projective equivalence. In particular ϕ(W) is a normal
surface. Since ϕ(W) is normal and ϕ is finite and birational onto its image,
ϕ : W −→ ϕ(W) is an isomorphism by the Zariski’s Main Theorem. Fix
b ∈ {1, 2, 3} and let C ⊂W be any smooth element of |h+ bf |. We saw that
IC,W(h + 3f) ∼= OW((3 − b)f) is globally generated. Since W ∈ |OX(2, 1)|
and OW(2, 1) = OW(h+ 3f), we get that C is globally generated.
Hence we proved the following result.
Theorem 4.8. There is a globally generated vector bundle E of rank r ≥
2 on X with c1(E) = (2, 1), no trivial factor and associated curve with
(s; e1, e2) as associated data if and only if the quadruple (s; e1, e2; r) are in
the following list:
(1) (s; 0, s; r) with 1 ≤ s ≤ 3 ; 2 ≤ r ≤ s+ 1,
(2) (1; 1, b; r) with 1 ≤ b ≤ 4 ; r = 2 if b = 1, and 3 ≤ r ≤ 2b if b ≥ 2.
Indeed we have
(i) (s; 0, s; r) = (1; 0, 1; 2) ⇔ E ∼= OX(1, 1) ⊕OX(1, 0).
(ii) (s; 0, s; r) = (2; 0, 2; 2) ⇔ E ∼= OX(2, 0) ⊕OX(0, 1) or E is an Ulrich
bundle arising from the non-trivial extensions
0 −→ OX(0, 1) −→ E −→ OX(2, 0) −→ 0,
(iii) (s; 0, s; r) = (2; 0, 2; 3) ⇔ E ∼= OX(1, 0)
⊕2 ⊕OX(0, 1).
(iv) (s; e1, e2; r) = (1; 1, 1; 2) ⇔ E ∼= π
∗
2(TP
2(−1))(1, 0).
(v) (s; e1, e2; r) = (1; 1, 2; 3) ⇔ E ∼= OX(2, 0) ⊕ π
∗
2(TP
2(−1)).
(vi) (s; e1, e2; r) = (1; 1, 2; 4) ⇔ E ∼= OX(1, 0)⊕OX(1, 2)⊕ π
∗
2(TP
2(−1)).
5. Case of c1 = (1, 2)
Let E be a globally generated vector bundle of rank r ≥ 2 on X with
c1(E) = (1, 2) and then it fits into the sequence (4) with c1 = (1, 2). Then C
is contained in a complete intersection Y of two hypersurfaces in OX(1, 2).
Since (t1 + 2t2)(t1 + 2t2) = 4t1t2 + 4t
2
2, the curve Y has bidegree (4, 4) and
14 E. BALLICO, S. HUH AND F. MALASPINA
degree 8. We have ωY ∼= OY (0, 1) and so 2pa(Y )−2 = (t1+2t2)(t1+2t2)t2 =
4, i.e. Y has genus 3. Since ωY (1, 1) has degree 12, then h
0(ωY (1, 1)) = 10
and so the curve Y gives a spanned bundle for all ranks r with 3 ≤ r ≤ 11
(see Example 3.3). Lemma 3.6 gives s = 1. i.e. the smooth curve C of
bidegree (e1, e2) is connected.
Remark 5.1. Since Y has bidegree (4, 4), for any C we have e1 ≤ 4 and
e2 ≤ 4. Let g be the genus of the connected curve C. Since each complete
intersection of two ample divisors is connected, we get g ≤ 3. Lemma 3.6
gives that g ∈ {0, 1, 3} and
(i) g = 3⇔ e2 = 4;
(ii) g = 1⇔ e2 = 3;
(iii) g = 0⇔ e2 ∈ {1, 2}.
Lemma 5.2. For spanned bundles of rank 2, we have the following:
(1) OX(1, 1) ⊕ OX(0, 1) is the only bundle whose associated curve has
bidegree (1, 1).
(2) OX(0, 2) ⊕ OX(1, 0) is the only bundle whose associated curve has
bidegree (0, 2).
Proof. Since the rank is 2, we get ωC = OC(−1,−1) and (e2t1t2+e1t
2
2)(−t1−
t2) = (−e1 − e2)t1t
2
2. It implies pa(C) = 0 and e1 + e2 = 2. Since s = 1, any
bundle associated to a curve with bidegree either (0, 2) or (1, 1) has rank 2.
Let E be any rank 2 bundle associated to a smooth curve C with bidegree
(1, 1), i.e. t1t2 + t
2
2 as its associated polynomial. Since C is connected and
rational and deg(OC(0, 1)) = 1 = h
0(OX(0, 1))− 2, there is a non-zero map
f : OX(1, 1) −→ E . Since h
0(IC(0, 0)) = h
0(IC(−1, 1)) = 0, so coker(f) is
torsion-free, i.e. coker(f) = IT (0, 1) with either T = ∅ or T a locally Cohen-
Macaulay curve. Write c2(T ) = 0 if T = ∅, while call c2(T ) the associated
polynomial at1t2 + bt
2
2 with a := deg(OT (1, 0)) and b := deg(OT (0, 1)) (if
T is not reduced, then for any line bundle L on T the integer deg(L) is
the constant term of the Hilbert polynomial of L with respect to any very
ample line bundle on T ). Since c2(OX(1, 1)⊕OX (0, 1)) = t1t2+t
2
2 = c2(E) =
c2(T ) + c2(OX(1, 1) ⊕OX(0, 1)), so we have T = ∅.
Now let E be any rank 2 bundle associated to a smooth curve C with
bidegree (0, 2). Since C is connected and rational and deg(OC(0, 2)) =
4 = h0(OX(0, 2)) − 2, there is a non-zero map f : OX(0, 2) −→ E . Since
h0(IC(0, 1)) = h
0(IC(−1, 2)) = 0, so coker(f) is torsion-free, i.e. coker(f) =
IT (0, 1) with either T = ∅ or T a curve. We have T = ∅, because c2(OX(0, 2)⊕
OX(1, 0)) = 2t1t2 = c2(E). 
Lemma 5.3. Let E be a globally generated vector bundle on X with c1 =
(1, 2) and no trivial factor whose associated curve is connected with bidegree
(1, 2). Then we have E ∼= OX(1, 0) ⊕OX(0, 1)
⊕2.
Proof. Take any smooth and connected curves C ⊂ X with bidegree (1, 2)
and call E any bundle associated to C. Then C is rational and so ωC(1, 1) is
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a line bundle of degree 1. In particular E has rank 3 and it is obtained using
the Serre correspondence by the complete linear systems |ωC(1, 1)|. The
embedding C ⊂ X is obtained by an isomorphism P1 −→ P1 of degree 1, i.e.
by the complete linear system |OP1(1)|, and by a morphism j : P
1 −→ P2
induced by a base point-free linear subspace V of H0(OP1(2)).
Assume for the moment that C is not obtained by the complete linear
system |OP1(2)| and then we get that j(P
1) is a line L ⊂ P2. Then we have
C ⊂ P1 × L as an element of |OP1×L(2, 1)| and so IC(1, 2) is not globally
generated, a contradiction.
Now let C ′ be another smooth and connected curve with bidegree (1, 2)
and call E ′ any bundle associated to C ′. We may assume that both C and
C ′ are obtained by the complete linear system |OP1(2)| and then we get
that C and C ′ are projectively equivalent, i.e. there is g ∈ Aut(X) with
g(C ′) = C. Since E and E ′ are obtained using the Serre correspondence by
the complete linear systems |ωC(1, 1)| and |ωC′(1, 1)|, we get g
∗(E ′) ∼= E .
The homogeneous vector bundle OX(1, 0) ⊕ OX(0, 1)
⊕2 is obtained in this
way and so we get E ∼= OX(1, 0) ⊕OX(0, 1)
⊕2. 
Lemma 5.4. Any pair in the set {(x, 4), (y, 3) | 0 ≤ x ≤ 3 , 0 ≤ y ≤ 1}
cannot be a bidegree of a curve associated to a globally generated bundle.
Proof. (a) Assume that a bidegree (x, 4) with 0 ≤ x ≤ 3, is achieved by a
bundle E with C as an associated curve. By Remark 5.1 C is a smooth and
connected curve of genus 3. The case x = 0 does not occur, because there are
P ∈ P1 and C ′ ∈ |OP2(4)| such that C = {P}×C
′ and so even IC(3, 3) is not
globally generated. Thus we have h1(OC(1, 1)) = 0. The case x = 1 does not
occur, because no curve of genus 3 has a very ample line bundle of degree 5
(or because π1|C : C −→ P
1 is not an isomorphism). Now assume 2 ≤ x ≤ 3.
Since h1(OC(1, 1)) = 0, we have h
0(OC(1, 1)) < 6. Therefore h
0(IC(1, 1)) >
0 and so h0(E(0,−1)) > 0. Let f : OX(0, 1) −→ E be a general map.
Since h0(IC(0, 1)) = h
0(IC(1, 0)) = 0, so coker(f) is torsion-free and so
coker(f) ∼= IT (1, 1) with either T = ∅ or T a curve. We have T 6= ∅, because
E 6= OX(0, 1)⊕OX(1, 1). Setting a := deg(OT (1, 0)) and b := deg(OT (0, 1)),
we have 4t1t2 + xt
2
2 = c2(E) = c2(OX(0, 1) ⊕OX(1, 1)) + at1t2 + bt
2
2 and so
(a, b) = (3, x− 1). Since IT (1, 1)) is globally generated and deg(X) = 3, we
get deg(T ) ≤ 3, i.e. a+ b = x+ 2 ≤ 3, a contradiction.
(b) Let C be a smooth curve of bidegree (y, 3) with 0 ≤ y ≤ 1. Assume
that IC(2, 1) is globally generated and E is an associated bundle with c2(E) =
3t1t2 + yt
2
2. If y = 0, then there are P ∈ P
1 and C ′ ∈ |OP2(3)| such that
C = {P}×C ′ and so even IC(2, 2) is not globally generated. The case y = 1
is not possible, because C has genus 1 and so π1|C is not an isomorphism. 
Lemma 5.5. The bidegree (4, 3) is not the bidegree of a smooth curve C
with IC(1, 2) globally generated.
Proof. Assume that C is curve of bidegree (4, 3) with IC(1, 2) globally gener-
ated. Remark 5.1 gives that C is connected with genus 1. Take Y = C ∪D.
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Since D is a curve with bidegree (0, 1), it is a line of type (0, 1). Since
pa(Y ) = 3, we have deg(D ∩C) > 1 and so D is contained in the base locus
of IC(1, 2), a contradiction. 
Lemma 5.6. For each 0 ≤ x ≤ 4, the bidegree (x, 2) is realized by a globally
generated bundle.
Proof. Fix a general set S ⊂ P2 with ♯(S) = x and set T := P1 × S. T is a
union of x disjoint lines of type (1, 0). The line bundle ωT (3, 1) is globally
generated and so a general section of it defines an exact sequence
(5) 0 −→ OX(1, 0) −→ F −→ IT (0, 2) −→ 0
with F a reflexive sheaf of rank 2 with c3(F) = deg(ωT (3, 1)) = x. Since
x ≤ 4 and no three points in S are collinear, IS,P2(2) is globally generated.
Thus the sequence (5) gives that F is globally generated. Let
(6) 0 −→ OX −→ F −→ IC(1, 2) −→ 0
be the exact sequence associated to a general section of F . Since T is smooth,
so is C (see [10], [9, Theorem 3.2], [5]). Since F is globally generated, so
is IC(1, 2). Since xt
2
2 is the polynomial associated to T , then (5) gives
c2(F) = 2t1t2 + xt
2
2. Therefore C has bidegree (x, 2). 
Lemma 5.7. There exist subschemes T ⊂ X such that ωT (1, 3) and IT (1, 1)
are globally generated as in the following list:
(1) a line of bidegree (0, 1); (m,n) = (1, 4);
(2) a smooth conic of bidegree (1, 1); (m,n) = (2, 3);
(3) a smooth rational curve of bidegree (1, 2); (m,n) = (6, 2),
where (m,n) := (deg(ωT (1, 3)), h
0(IT (1, 1))).
Proof. For each line T , IT (1, 1) is globally generated. If T has bidegree
(0, 1), then deg(ωT (1, 3)) = 1. Since T is rational, so ωT (1, 3) is globally
generated. Obviously we have h0(IT (1, 1)) = 4.
Since (t1 + t2)(t1 + t2) = 2t1t2 + t
2
2, so a general complete intersection T
of two elements of |OX(1, 1)| is smooth rational curve with bidegree (2, 1).
As T is a complete intersection curve, we get that IT (1, 1) is globally gen-
erated with h0(IT (1, 1)) = 2. Since T is smooth and rational, we have
deg(ωT (1, 3)) = 1 + 6− 2 = 5 and ωT (1, 3) is globally generated. Fix a line
L ⊂ P2. The quadric P1 × L is a hyperplane section in |OX(1, 1)|. Take as
a smooth conic of type (1, 1) a smooth element of |OP1×L(1, 1)|. 
Lemma 5.8. The bidegrees (1, 2), (2, 2) and (2, 3) are associated to some
globally generated bundle E.
Proof. Take T as in Lemma 5.7. A general section of ωT (1, 3) gives a reflexive
sheaf of rank 2 on X fitting in the exact sequence
(7) 0 −→ OX(0, 1) −→ F −→ IT (1, 1) −→ 0
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with c3(F) = deg(ωT (1, 3)) = 1, h
0(F) = 2 + h0(IT (1, 1)) and F globally
generated. A general section of F induces and exact sequence
(8) 0 −→ OX −→ F −→ IC(1, 2) −→ 0
with C a locally Cohen-Macaulay curve. Since F is globally generated, so is
IC(1, 2). Since T is smooth, C is also smooth (see [10], [9, Theorem 3.2], [5]).
Therefore C is one of the curve in Remark 5.1 and we only need to check
which bidegree is realized by each T . The integer c3(F) = deg(ωT (1, 3))
is the integer deg(ωC(1, 1)), because F is also obtained from a section of
ωC(1, 1). Thus we have
deg(ωC(1, 1)) =
 1, if T is a line;2, if T is a smooth conic;
6, if T is a smooth rational curve of bidegree (1, 2).
If C has genus 3, then Remark 5.1 gives that it has bidegree (4, 4) and so
deg(ωC(1, 1)) = 10. If C has genus 1, then deg(ωC(1, 1)) = e1 + 3. If C is
rational, then deg(ωC(1, 1)) = e1 + e2 − 2. Since e2 ≤ 2 for a rational case,
we see that the curve T with bidegree (1, 2) gives a rational curve C with
bidegree (2, 3), the line T gives a rational curve C with e1 + e2 = 3 and the
smooth conic T gives a rational curve with e1 + e2 = 4.
Assume that T is a line of bidegree (0, 1) (i.e. it is associated to t1t2). By
(7) we get that c2(F) is represented by t1t2+t2(t1+t2) = 2t1t2+t
2
2 and so (8)
gives that C has bidegree (1, 2). Now assume that T is a conic of bidegree
(1, 1), i.e. it is associated to t1t2+t
2
2. We get c2(F) = t1t2+t
2
2+t2(t1+t2) =
2t1t2+2t
2
2, i.e. C has bidegree (2, 2). Now assume that T has bidegree (1, 2),
i.e. it is associated to 2t1t2 + t
2
2. Since c2(F) = 3t1t2 + 2t
2
2, we get that C
has bidegree (2, 3). 
Lemma 5.9. The bidegree (3, 3) is realized by a globally generated bundle.
Proof. Every smooth and connected curve C ⊂ X with bidegree (3, 3) is
obtained in the following way: Fix a smooth elliptic curve C and two line
bundles L1 and L2 of degree 3 on C. Since 3 = 2pa(C)+1, these line bundles
are very ample and non-special with h0(Li) = 3. Take V2 := H
0(L2), while
take as V1 any 2-dimensional linear subspace of H
0(L1) without base points.
In particular π2|C is always an embedding and so deg(J ∩ C) ≤ 1 for each
line J ⊂ X of bidegree (1, 0). Fix any smooth and connected C ⊂ X with
bidegree (3, 3). Since h0(OC(3, 3)) = 6 by the Rieman-Roch theorem, we
have h0(IC(1, 2)) ≥ 3. We easily see that h
0(IC(1, 1)) = 0, but we only
need it for at least one curve C.
Claim 1: There are only finitely many lines J of type (0, 1) with deg(J∩
C) ≥ 2.
Proof of Claim 1: If Claim 1 fails, then C is contained in an integral
surface S ⊂ X ruled by lines of type (0, 1) such that deg(J ∩ C) ≥ 2 for a
general line J of the ruling of S. The map π1|S shows that the ruling of S
is induced by π1. Since C has bidegree (3, 3), we get deg(J ∩ C) = 3 for a
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general line J of the ruling of S and so we have h0(IC(1, 2)) = h
0(IS(1, 2)).
Since deg(OC(0, 1)) > 2, we have h
0(IC(0, 2)) = 0. Since h
0(IC(1, 1)) = 0,
we have S ∈ |OX(1, 2)|. Hence h
0(IS(1, 2)) = 1, a contradiction. 
Fix a general line L ⊂ P2 and then, by Claim 1, the set A := C ∩ (P1×L)
is formed by three points such that no two of them are contained in a line of
the quadric P1×L. Thus the unique D ∈ |IA,P1×L(1, 1)| is a smooth rational
curve and it has bidegree (1, 1) as a curve of X. Since A = C∩D as schemes,
the curve C ∪D is connected and nodal with pa(C ∪D) = 3 and bidegree
(4, 4). Since h0(OD(1, 2)) = 4 and ♯(A) = 3, we have h
0(IC∪D(1, 2)) ≥
h0(IC(1, 2)) − 1 ≥ 2. Since C ∪D has bidegree (4, 4) and C is contained in
no element of |OX(1, 1)| or |OX(0, 2)|, so C∪D is the complete intersection of
two elements of |OX(1, 2)| and IC∪D(1, 2) is globally generated. In particular
IC(1, 2) is globally generated outside the points of D. Fix general lines
L′i ⊂ P
2 for i = 1, 2, and set Ai := C ∩ Li and Di ∈ |IAi(1, 1)|. Since
IC∪Di(1, 2) is globally generated, so IC(1, 2) is globally generated outside
the points of Di. Since we may assume L ∩ L1 ∩ L2 = ∅, so we have
D ∩D1 ∩D2 = ∅ and hence IC(1, 2) is globally generated. 
Lemma 5.10. A bidegree in the set {(x, 1) | 0 ≤ x ≤ 4} is realized by a
globally generated bundle if and only if x ∈ {1, 2}.
Proof. Assume that a curve C with bidegree (x, 1) is realized by a globally
generated bundle E , say of rank 3. By Remark 5.1 C is smooth and rational.
Taking the quotient of E by the image of a general section, we obtain a
globally generated reflexive sheaf F of rank 2. Since h0(OC(0, 1)) = 2 <
h0(OX (0, 1)) and h
1(OX(−1,−1)) = 0, we get h
0(F(−1,−1)) > 0. Since
h0(IC(−1, 1)) = h
0(IC(0, 0)) = 0, a general map f : OX(1, 1) −→ F has
torsion-free cokernel and so coker(f) ∼= IT (0, 1) with either T = ∅ or T a
locally Cohen-Macaulay curve, i.e. F fits in an exact sequence
(9) 0 −→ OX(1, 1) −→ F −→ IT (0, 1) −→ 0.
Since F is globally generated, so is IT (0, 1) by (9). If L0, L1, L2 ⊂ P
2 are
three lines, then we have
(P1 × L0) ∩ (P
1 × Li) = P
1 × (L0 ∩ Li)
for i = 1, 2. Thus we have either T = ∅ or T is a line of type (1, 0).
If T = ∅, then c2(F) = t1t2 + t
2
2 and so C has bidegree (1, 1). This
case is realized by OX(1, 1) ⊕ OX(0, 1). Let T be a line of bidegree (1, 0).
Since ωT (3, 3) is globally generated, a general section of ωT (3, 3) induces
an extension (9). Since T is a complete intersection of two elements of
|OX(0, 1)|, F is globally generated. Thus a general section of F induces an
exact sequence (5) with IC(1, 2) globally generated and c2(F) = (t1+t2)t2+
t22, i.e. C has bidegree (2, 1). We may take as C a smooth curve ([10], [9,
Theorem 3.2], [5]). 
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Proposition 5.11. Let E be a globally generated vector bundle of rank r ≥ 2
on X with c1 = (1, 2) and no trivial factor, associated to a curve of bidegree
(2, 2). Then we have r ∈ {3, 4} and c3(E) = 2. Indeed we have
(1) E ∼= π∗2(TP
2(−1)) ⊕OX(1, 0) ⊕OX(0, 1) if r = 4;
(2) E is the cokernel of a non-zero map
OX −→ π
∗
2(TP
2(−1)) ⊕OX(1, 0) ⊕OX(0, 1)
with locally free cokernel if r = 3.
Proof. The bundle π∗2(TP
2(−1)) ⊕OX(1, 0) ⊕OX(0, 1) has c3 = 2 and it is
associated to a curve of bidegree (2, 2), because (1+ t1)(1+ t2)(1+ t2+ t
2
2) =
1 + t1 + 2t2 + 2t1t2 + 2t
2
2 + 2t1t
3
2. Let H be the open subset of the Hilbert
scheme of X parametrizing all smooth and connected curves of bidegree
(2, 2) associated to a pair (u1, u2), where u1 : P
1 −→ P1 is a degree 2 mor-
phism and u2 : P
1 −→ P2 is an embedding of P1 as a smooth conic. By
Lemma 3.6 these are the only curves with bidegree (2, 2) associated to a
globally generated bundle. Since u2 is given by the complete linear system
|OP2(2)|, so H is irreducible.
Fix any C ∈ H and let NC be the normal bundle of the inclusion C ⊂ X.
Since X is homogeneous, NC is spanned. Since C ∼= P
1, we get h1(NC) = 0
and so H is smooth at C of dimension
h0(NC) = deg(ω
∨
X |C
)− deg(TP1) + rank(NC) = 10.
Since C is an arbitrary element of H and H is irreducible, to see that H is
an orbit by the action of Aut(X) on H, it is sufficient to prove that the orbit
of C has dimension 10. Since Aut(X) = Aut(P1) × Aut(P2) has dimension
11, it is sufficient to prove that the stabilizer of C has at most dimension
1, i.e. for a general O ∈ C there are only finitely elements g ∈ Aut(X)
with g(C) = C and g(O) = O. Take (u1, u2) associated to C and call P,P
′
the two ramification points of the degree 2 morphism u1 : P
1 −→ P1. Take
as O any point of P1 \ {P,P ′}. Since the identity is the only element of
Aut(P1) fixing 3 points of P1, there are only finitely many h ∈ Aut(P1) with
h(O) = O and h({P,P ′}) = {P,P ′}.
Now assume r = 4. Since π∗2(TP
2(−1))⊕OX(1, 0)⊕OX (0, 1) is invariant
under the pull-back f∗ for any f ∈ Aut(X) and H is an orbit of Aut(X), we
get E ∼= π∗2(TP
2(−1))⊕OX(1, 0) ⊕OX(0, 1).
Now assume r = 3. Take any C ∈ H associated to E . Since h0(ωC(1, 1)) =
3, the Ext•-sequence associated to (2) gives h1(E∨) = 1 and so E fits into a
non-split exact sequence
0 −→ OX −→ G −→ E −→ 0.
Since we proved that G ∼= π∗2(TP
2(−1)) ⊕OX(1, 0) ⊕OX(0, 1), we get part
(2). 
Theorem 5.12. If E is a globally generated vector bundle of rank r ≥ 2 on
X with c1 = (1, 2) and no trivial factor, then we have
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(1) if r = 2, then E is isomorphic to either
OX(0, 1) ⊕OX(1, 1) or OX(1, 0) ⊕OX(0, 2).
(2) if r ≥ 3, then the quadruples (r, s; a1, a2) corresponding to E that
realizes a curve C with s connected components and bidegree (a1, a2)
are the following ones:
(i) (s; a1, a2) = (1; 4, 4); C the complete intersection curve with
genus 3; 3 ≤ r ≤ 11;
(ii) (s; a1, a2) = (1, 2, 3); 3 ≤ r ≤ 8;
(iii) (s; a1, a2) = (1; 3, 3); 3 ≤ r ≤ 7;
(iv) (s; a1, a2) = (1;x, 2) for 1 ≤ x ≤ 4; 3 ≤ r ≤ x+ 2;
x = 1⇔ E ∼= OX(1, 0) ⊕OX(0, 1)
⊕2;
(v) (s; a1, a2; r) = (1; 2, 1; 3).
Proof. In Remark 5.1 we look at the curves C with IC(1, 2) globally gen-
erated and with ωC(1, 1) globally generated. In all cases we have s = 1,
i.e. C is connected. The ones giving bundles of rank 2 are the connected
curves with bidegree (1, 1) and (0, 2). Lemma 5.2 says that they only give
the bundles in the assertion (1). Since s = 1, these bidegrees do not give
higher rank bundles with no trivial factor. Now assume r > 2. Each
smooth curve C with IC(1, 2) spanned, ωC(1, 1) globally generated and
ωC(1, 1) 6= OC gives a spanned bundle of rank r with no trivial factor if
and only if 3 ≤ r ≤ h0(ωC(1, 1)). Among the bidegrees listed in Remark
5.1 some of them give bundles (see Lemmas 5.6, 5.8, 5.9, 5.10, but the
bidegree (0, 2) corresponds to OX(1, 0) ⊕ OX(0, 2) and the bidegree (1, 2)
to OX(1, 0) ⊕ OX(0, 1)
⊕2 by Lemma 5.3) and all the remaining ones are
excluded (see Lemmas 5.4, 5.5, 5.10). 
Remark 5.13. See Proposition 5.11 for a description of the case (s; a1, a2) =
(2; 2, 2).
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